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Analytical Solution for Low-Velocity Impact
Response of Composite Plates

Michael O. Pierson* and Reza Vaziri'
University of British Columbia, Vancouver, British Columbia V6T 174, Canada

An analytical model for the impact response of laminated composite plates is presented. The governing equations,
which apply to small deflection elastic response of specially orthotropic laminates, include the combined effects of
shear deformation, rotary inertia, and the nonlinear Hertzian contact law. For simply supported boundary condi-
tions, a Fourier series solution is presented that, in contrast to previously published work, retains the frequencies
associated with rotary inertia effects throughout the analysis. Errors that are incurred in the analysis of impact
events, where the contact force history is obtained as part of the solution process, are investigated and guidelines to
achieve converged solutions are recommended. For a benchmark impact problem, the present solution converges
more rapidly than other analytical solutions available in the literature. Present analytical predictions are also found
to agree well with the experimental results for composite fiber-reinforced plastic plates impacted by instrumented
projectiles launched from both gas-gun and drop-weight test setups. The efficiency and robustness of the model in
handling the complexities of the impact response of composite plates is further demonstrated by comparing the
analytical predictions of contact force and fiber strain histories with those generated using detailed finite element
analyses. The good agreement obtained instills confidence in using the model as a foundation for predictions of
impact damage and response to penetrating impact events.

Introduction

AMINATED fiber-reinforced composite plates are known to

be susceptible to damage resulting from accidental impact by
foreign objects. Impact on aircraft structures, for instance, from
dropped tools, hail, and debris thrown up from the runway, poses a
problem of great concern to designers. Since the impact response is
not purely a function of material properties and depends also on the
dynamic structural behavior of the composite plate, it is important
to have a basic understanding of the structural response and how it
is affected by different parameters. In this regard, analytical models
are useful as they allow systematic parametric studies and provide
a foundation for predictions of impact damage.

Although many important contributions have been made to
numerical analysis of the impact response of composite plates,
the corresponding analytical solutions are very few.! Sun and
Chattopadhyay? used the Mindlin type shear deformation theory
developed by Whitney and Pagano® to analyze specially orthotropic
plates subjccted to central impact. Dobyns* followed the same ap-
proach but, to avoid transverse shear force singularity at the con-
tact point, distributed the contact force over a finite patch. Qian and
Swanson’ used a Rayleigh-Ritz procedure to obtain an approximate
solution for the impact response of rectangular plates with clamped
edges. Based on Laplace transform techniques, Christoforou and
Swanson® obtained a closed-form solution by linearizing the contact
force-indentation relationship. A comparison between the various
solution techniques was presented by Qian and Swanson.® Prasad
et al.” used a similar approach to Dobyns and modeled the im-
pact force as a distributed patch load with cosine distribution in
each direction. Noiser et al.* used six different models to represent
the impact pressure distribution and solved the nonlinear equations
of motion by a finite element scheme in time. By solving a one-
parameter differential equation, Olsson® obtained an approximate
analytical solution to the first phase of impact, or wave propagation
dominated, response of composite plates.

Received April 12, 1995; revision received Sept. 30, 1995; accepted for
publication Oct. 6, 1995. Copyright © 1995 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

This paper is dedicated to the memory of Ernie Dost, who tragically passed
away in September 1995.

*Research Engineer, Composites Group, Departments of Civil Engineer-
ing and Metals and Materials Engineering, 2324 Main Mall.

T Assistant Professor, Composites Group, Departments of Civil Engineer-
ing and Metals and Materials Engineering, 2324 Main Mall. Member AIAA.

1633

In the present work, a robust analytical solution technique for
the impact response of specially orthotropic rectangular plates is
presented. Rotary inertia effects that were previously included in
the formulations but ignored in the solution stage are taken into ac-
count. Present solutions for a benchmark impact problem are com-
pared with other analytical and numerical solutions available in the
literature. The predictive capability of the present analytical model
is demonstrated by comparison of the results with experimental data
for the impact response of composite fiber-reinforced plastic (CFRP)
plates. These experimental results were obtained from impact tests
involving instrumented dropped-weight (large mass, low velocity)
and gas-gun propelled (small mass, high velocity) projectiles. Fi-
nally, it is shown that for a certain class of impact events where the
target responds elastically, the present model produces results that
are as accurate as, yet more efficient than, those generated using
sophisticated finite element codes such as LS-DYNA3D.!® The ro-
bustness of the model! in handling the global structural response has
proven useful in modeling penetrating impact problems where the
local events due to penetration are dependent on accurate represen-
tation of the global deformations.!!

Dynamic Response of Laminated Plates
Governing Equations
According to the first-order shear deformation theory of Whitney
and Pagano,’ the differential equations of motion for an elastic,
rectangular, specially orthotropic, and symmetric laminate are given
by
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where w is the out-of-plane displacement and v, and v, are the
cross-sectional rotations referred to the x and y axes in the plane of
the laminate, k(= m2/12) is a shear cotrection factor, p is the mass
density of the laminate, # is the laminate thickness, I (= ph3/12) is
the rotary inertia, and A;; and D;; are the usual in-plane and bending
stiffness components (see, e.g., Dobyns?).

The homogeneous form of Eq. (1) is first solved by assuming a
general harmonic solution,

Yy = € - Ay cos(mmrx/a) sin(nmy/b) (2a)

¥y = ' - By, sin(mmx/a) cos(nmy/b) (2b)
w = ' W, sin(mrrx/a) sin(nwy/b) (2¢)

where A, B, and W,,,, are undetermined constant coefficients,
and a and & are the planar dimensions of the plate. Substituting
Eq. (2) into Eq. (1) results in a set of three linear algebraic equations,

L — lw,zm L, Ly Amn 0
Ly, Ly — lw?, Ly By 1 =40
Lis L3 Lsyy — pho?, Winn 0

(3

where L;; are the same parameters defined by Dobyns.*

Each solution set (m, n), results in three eigenvalues w,,,; and
their associated eigenvectors [Amn, Bun, Winl; , where the subscript
j=12.3

It is worth noting that in all of the previously published work, the
eigenvalues associated with rotary inertia effects were ignored and
thus each (m, n) pair resulted in only one eigenvalue as opposed to
the three distinct eigenvalues considered here. The apparent com-
plexity of retaining these additional frequency components in the
solution was found to have very little effect on the efficiency of the
analysis. Therefore, for completeness, all eigenvalues are accounted
for in the present work.

To solve the particular form of Eq. (1), a separable solution is
assumed, as in

ZZZA””” cos sm “Lmnj(t)  (4a)
m=1ln=1 j=1
o] o0 3

V=D D) Bnysin T cos T - Gy(0) (4D)
m=ln=1 j=1

w—ZZZWMH, sin sm— Lun (1) (40)
m=1n=1j=1

Substituting Eq. (4) into the equations of motion, and applying
Eq. (3) yields

Z Z Z A cos % gin —%}i[ ;n‘,tm,,j + Emn.,-] =0

m=1ln=1j=1

(5a)
Z Z Z Banj sin 72 cos ’lb—y (w2, ;G + Emnj] = 0
m=1n=1j=1I

(5b)
iiiw .Sinmﬂx Sin@[wz »;mn'+§mﬂ']:£i
m=1n=1 j=I " a b mnj j j ph
| (5¢)

To solve for the time-dependent variable {,,;, a single equation
without summation, i.e., an orthogonal set, is required. For the form
of solution assumed in Eq. (4) the following orthogonality condition

applies:
a b
/ / nf,fg_m,,j dydx =0 e, f,g #m» n, ] (6)
0o Jo

where
[ femnj = [ Aepy cos(emx/a) sin( frry/b)

X Apnjcos(mmx/a) sin(nmy/b)

+ I B,s, sin(emrx/a) cos( frry/b)

% B,,j sin(mmx /a) cos(nmy/b)

+ ph W, s, sin(erx /a) sin( frry/b)

X Wi sin(mm x /a) sin(nmy/b) (7
Multiplying Eq. (5a) by I A,f, cos(emrx /a) sin(fny/b), Eq. (5b) by
I B, sin(emrx/a) cos(fry/b),and Eq. (5¢) by ph Wy, sin(enx/a)

sin( fmy/b), then summing the three results, we obtain one equation
in terms Of £y

Z § Z mn/ efg mn]{mn/ + nefg mnj {mn,]

—ln=1j=1

Sy

. oenrx .
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Integrating over the laminate area meets the orthogonality condi-
tion, leaving only one nonzero term (when e, f, g = m, n, j), thus
allowing the summation to be dropped,

2 .
wmnj {mnj + é"""’f

B {(ab/at)wmn,- [ [ sin(mx fa) sin(amy /b) p. dydx} o
B anj

where

’”"J /. / mnj,mnj dydx - IAzmn, +IB,?1"] +,0/’ZVV”2””
(10)
If the eigenvectors are normalized with respect to W,,; (ie.,

Wnj = 1), then the integrated term in Eq. (9) is simply the Fourier
transform of the load p,, which is assumed to be stationary, i.e.,

p.=F@)-q(x,y) (1D

The Fourier transform of the load is then

nmy
/ / sm sm—b—pzdydx_F(t) Gmn (12)

Solving Eq. (9), using Egs. (11) and (12), yields

-0
mnj

é-mnj = 5,2,,]- COS(CL),M_,*Z) + - Sin(a)lmjt)
mn j
%G " ) s ¢ — & o (13)
T 1N Wy (L —
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where the zero superscript indicates a quantity evaluated at = 0.
Finally, the complete solution for lateral displacement of the lam-
inate is
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Convergence of Plate Response Solution

A closed-form convergence criterion for the Fourier solution is not
available. Convergence of the solution is demonstrated numerically
for a typical laminate with an applied point load and with an applied
load distributed over a small patch.

_ The laminated plate used here as an example to examine the con-
vergence of the plate solution is described in Table 1. This laminate,
which has been considered by a number of authors (e.g., Qian and
Swanson® and Sun and Chen'?), will be used later as the target
material for investigating the accuracy of various impact models.

For each type of loading, the central deflection of the target was
calculated using 5, 10, 20, 40, 80, and 160 nonzero modes in both
the x and y directions. Equation (14) was evaluated for a step load
function for a range of values of ¢. The time integration in Eq. (14)
is exact for this type of loading.

For convenience, an error estimate is calculated using the solution
for 160 modes as a reference, i.e.,

w, (£
Doey (t) = 40 - 100% x =5, 10,20,40,80 (15)
wigo ()
where
Cx-DH@2x-D Comm | onw
wy = sin — sin —
m=1 n=1 2 2

3 -0
b
() lﬂﬂ] .
e E {;nmj COS(Wpnjt) + —— Sin(@pnjt)

o
=1 mnj
abqmn

2 .
wmnj Mm"j 0

, .
+ F(S)Sinwmnj(t—é)dé} (16)
Since even-numbered modes make no contribution to the central
deflection, the nonzero mode number x in the preceding equations
corresponds to the modal indices m, n as follows:

mn=2x—1 a7n
Figures 1 and 2 plot this error function vs time. The accuracy of

a modal solution is often discussed in terms of the last significant
natural period of vibration as it compares to the time step. The last

Table 1 Properties of the laminate used in benchmark
problems to study solution accuracy

System T300/934 CFRP plate, simply supported

Size 200 x 200 x 2.69 mm

Layup [0/90/0/90/0]

Ey 120 GPa Gz 5.5 GPa
E22 7.9 GPa G13 5.5 GPa
vi2 0.33 G 5.5 GPa
h 2.69 mm P 1580 kg/m®

Natural Period (s}
Teo Tao o To  Ts
T T T T

20 T
80 40 20 10 5 Modes

Error (%)
=

oL fon L )
1078 103 107 1073 1072
Time (s)

Fig. 1 Convergence of the target deflection for a step load applied at
the center; 160 mode solution used as reference.

Table 2 Calculated natural frequencies
for the laminate defined in Table 1

Mode no., Omns Ty,

X rad/s us

1 1,902 3303.68
5 140,042 4487
10 493,687 12.73
20 1,308,843 4.80
40 2,894,312 2.17
30 5,967,622 1.05
160 12,046,721 0.52

Natural Period (s)
Teo Tap To Tig T

2.0 —— T T
P
20 10 5 Modes
15
g
§ 1.0 +
]
05t
0.0 s
1078 1077 1076 1075 107

Time (s)

Fig.2 Convergence of the target deflection for a step load applied over
a small central patch; 160 mode solution used as reference,

significant natural period for a modal solution employing x modes
is indicated in Figs. 1 and 2 by the symbol 7,.

For each (m, n) pair in the solution, there is a set of three natural
frequencies and three modal amplitudes, as shown by Eq. (3). One
frequency is associated with the lateral motion of the target, and
two frequencies are attributed to the cross-sectional rotations. In
general, the frequency associated with lateral motion is an order of
magnitude smaller than the others. An approximate value of this
dominant frequency can be calculated using [see Eq. (19) in Ref. 4]

w,zn,, = (QL33 +2LpLosLyz — LzzL% - L11L%3)/(PhQ) (18)
where
Q=L11L22_L%2 (19)

The (m, n)th periods are calculated using the frequencies given by
Eq. (18),i.e., Ty = 271/wm,. The natural frequencies and periods
for the target described in Table 1 are listed in Table 2.

Let us define
T=h-/p/Es (20)

as the time taken for a stress wave to propagate through the laminate
thickness. For the target considered here v = 1.2 us. Laminate
plate theory neglects the early time wave propagation behavior and
considers only the gross structural response, which occurs at later
times. Therefore results calculated at t < t are suspect because of
these stress wave effects.

Point Loading

Figure 1 shows the convergence of the laminate solution for a
step load applied as a single point-force at the center of the plate. It
is apparent that the number of modes required to reach reasonable
accuracy is highly dependent on the time of interest.

Convergence for this type of loading is poor because of the finite
shear stiffness of the target and the Fourier representation of the point
force. Early in the event, the point force causes shear and flexural
waves to travel outward toward the boundaries. As these waves travel
outward, they act over a larger area and the wave fronts increase in
circumnference, resulting in reduced intensities. In the initial stages
of loading, however, before these waves have time to travel, the point
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load is supported by an infinitely small region of the target, resulting
ininfinitely large plate deformations. Thus, at times close to zero, the
solution for target deflection is indeterminate. Separate convergence
studies using Kirchhoff plate theory (i.e., shear deformation ignored)
have shown that convergence can be obtained with a reasonable
number of modes. This indicates that a modal representation of the
point force is adequate and that the poor convergence is primarily
because of the shear effects already described.

Convergence is obtained for times >1073 s using a reasonably
small number of modes. For solutions where x > 5, the convergence
occurs at a time much greater than the last significant natural period.
This type of loading is not recommended for time steps of the same
order of magnitude as the normalizing parameter 7.

Patch Loading

Figure 2 shows the convergence of the laminate solution for a
patch load applied at the center of the laminate. The patch area is
equal to 10% of the laminate aréa. The jitter seen as the curves
approach the time axis are because of the dynamic nature of the
problem. Solutions that are slightly out of phase with the reference
solution lead to deceptively large errors even after the solution has
converged.

Applying the load over a patch eliminates the indeterminate prob-
lem seen in the point load solution. As expected the patch load so-
lution converges much more rapidly than the point load solution.
Each curve shown in Fig. 2 converges prior to the last significant
natural period.

Typically, reasonable accuracy (0.1% error) is obtained at a time
equal to the last significant natural period. The small patch solution
is the most appropriate solution for impact events, as reasonable
accuracy can be achieved while realistically modeling the force ap-
plied to the target.

Impact Model

To complete the formulation of the impact model we need to
combine the target deformation solution with an appropriate inden-
tation or contact law. Local indentation of the target is generally
assumed to follow a Hertzian type relation. Hertz suggested that the
contact between a sphere and an elastic medium could be described
in terms of the total applied force F and the resulting indentation ¢«
as follows:

F=ky at @n

where kg is the contact stiffness.

Willis'® provided an explicit formula for kg to describe the con-
tact relation between a rigid sphere and a transversely isotropic
half-space. Using quasistatic indentation tests on typical CFRP lam-
inates, Tan and Sun'* showed that the force-indentation relation can
best be represented by an expression similar to Eq. (21), with ky
replaced by an experimentally determined constant k,.

The nonlinear nature of the indentation law requires a model
that is stepwise in the time domain, as in Timoshenko’s incremen-
tal method.'s Accordingly, the impact event is divided into equal
segments or time steps, and the contact force is assumed to be con-
stant through each time step. The nonlinear equations describing the
impactor/target system are then solved in terms of the contact force.

At time ¢, the displacement of the rigid impactor A, in terms of
the applied force, 1s described by

1 I3
AP:V"_MA FE)(@ —§)ds (22)

where V is the impactor velocity, and M is the impactor mass.
During any time increment, At, in which the contact force is con-
stant, Eq. (22) can be rewritten as

F@)Ar
Bp0) = Ayt = AN+ V(= A At = ——— (23)

Stepwise Form of Target Deflection
The modal solution for target deflection requires an integration
over the entire history of loading. Evaluation of the target deflection

is simplified by applying the transformation = At in the time
domain. The initial conditions then become :

é‘mn/ CWI"] (t - O) - {mn/(t =1— At) (24&)

mnj {mnj (t - 0) - {mn/(t =1I— At) (24b)

The solution for target deflection is rewritten in a stepwise form by
evaluating it at f = Az,

w_ZZsm si nzy

m=1n=1

3 0
g-IT
X E { Canj COS(@nnj AL) + —— 2 Sin(w; At)

i=1 mn j

abgun [ . }
+ F(‘i:) stn wmnj(At - s) d&‘ (25)
Cl)mn ¥ M mnj
This stepwise form requires the initial conditions to be used at each
interval and not just at ¢ = 0. The initial conditions are re-evaluated
at the end of each interval. This is equivalent to using initial condi-
tions at + = 0 and performing the integration over the entire load
history.
Equation (25) evaluated to reflect the assumption of constant con-
tact force is

o0
. mux nTy
= E E sin sin ——
a b

)
m=[n=1I

0

§I1 n
{ Comnj COS(@prpj A1) + —L 2 $in(@pn; AL)
=1 mnj
abgm,
+ F () ————[1 — cos(@y; At)] (26)
a)manmnj ’

Noting that the contact force is independent of the modal summation,
a simpler form of Eq. (26) can be written:

w=w’(t)+C F() 27
where
w'(t) = Z Z sin 2% in ﬂ
m=1n=1
: ¢
x> [Cmn, COS(pnj ALY + =L S‘n(wmnjAl)] (28)
=1 mn f

is the displacement because of the loading F(+ =0 — ¢ — At), and

C= X:Z:sm—smE

m=1ln=1

3
— _ abgmn
X ——————[1 — cos(@pmnj A1)] (2%9)
; Winnj anj "
is the dynamic compliance of the target.
The load is assumed, for optimum convergence, to act over a small
patch equal in size to the diameter of the hemispherical projectile.

Impact Model Expressions

The form of the exponent in Eq. (21), and the linear nature of
Eq. (26) allow the impact model to be formulated in closed form.
Substituting the displacement expressions of Egs. (23) and (27), into
the constraint condition,

A, =o+w (30)

one equation in terms of a single unknown variable F =
obtained

F(1) is

MFP 4+ M FE+)3F+4)=0 @3
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where

Ao = —[C + (A?)2M)] (32a)
a=—1/ky +3(A% — w’ + VOA)[C + (A /2M)T (32b)
A = ﬁ(A‘p’ —w’+ VA)[C + (A22M))F (32¢)

A=A —w’ 4+ VAL (32d)

The preceding cubic equation can be solved exactly as follows:

F = 2+/—Acos(0 + 2nm) — (A1 /3%y); n=0,1,2 (33)
where
3hgha — A2
A= (34)
912

ghiry — 27A%As — 243

5403V=A3

In general, only one of the roots (n = 0) is valid.

cos30 = 35)

Impact Model Convergence

Each of the displacement solutions (indentation and target de-
flection) are exact for a given contact force. Because the contact
force history is not known a priori, however, an exact solution can-
not be obtained and some error will be incurred in the solution. To
investigate the convergence of the full impact model we consider
the impact problem studied by Qian and Swanson.’ This benchmark
impact problem involves the impact of a 12.7-mm-diam steel ball
with a mass of 8.5 g and impact velocity of 3.0 m/s against the lami-
nate defined in Table 1. In our analysis, the contact stiffness ky was
calculated using the expression developed by Willis.!* Convergence
of the impact model is shown in Table 3 where the peak impact force
is chosen as the defining characteristic and the error is defined as
follows:

Fa

Toear(t) = } =

- 100% (36)

0.1us

in which F,, is the peak force calculated with time step At, and
At = 0.1 us is used here as the reference solution.

Qian and Swanson® opted to use a 100 mode solution to calculate
target deflection. The present model, however, uses a number of
modes appropriate for the time step. The convergence suggested
for the plate response is applied, thus the time step is chosen to be
greater than the last significant natural period. Note that the natural
periods listed in Table 2 are applicable here.

The different solution method applied to the present model results
in different peak contact force values and an improved convergence
rate. Qian and Swanson’ used a patch of changing size correspond-
ing to the amount of indentation. As well, they used an approximate,
linear contact law as presented by Christoforou and Swanson.®

Table3 Convergence of peak contact force for Qian and Swanson®
and present impact models, as a function of time step
(0.1 us used as reference)

5

Qian and Swanson Present model

At, Fmax, Error, Fmax,  Error,
us  No. of modes? N % No. of modes® N %o

10 100 179.3 3742 5 3022 1.10
5 100 2248 21.54 10 300.7 0.60
2 100 2554  10.86 15 299.5 022
1 100 269.7 5.86 20 299.3  0.13
0.5 100 2794 2.48 30 299.1  0.06
02 100 2853 0.42 50 2989 0.0l
0.1 100 286.5 0.00 100 2989  0.00

*Indicates number of nonzero modes used in each direction.

The present model attains a reasonable level of accuracy (0.1%)
with a time step of 1 us, which corresponds to approximately 200
calculations. This is performed in a matter of seconds on a current
staridard personal computer (486-50 MHz).

Results and Discussion

For the impact problem considered, Figs. 3 and 4 show a com-
parison of the predicted time histories of the contact force and cen-
tral plate deflection with published results in the literature. Qian
and Swanson® developed a Rayleigh-Ritz solution in addition to
an analytical solution based on an approximate linearized contact
stiffness,® whereas Sun and Chen'? used a finite element method to
simulate the impact event.

Considering the approximations involved, the present model
agrees quite well with the other results. Each of the previous an-
alytical models used a changing patch size when calculating the
target deflection; the present model does not. Qian and Swanson’
used a 100 mode solution and a time step of 0.1 us. In accordance
with the convergence results, the present model used a 20 mode
solution and a time step of 1 us resulting in slightly more than 200
data points.

In an effort to assess the reliability of the present analytical model
in predicting the local response, we examined the fiber strain history
at the distal face (lower surface) of the laminate. Since this infor-
mation was not available from the literature, we compared our an-
alytical results with those obtained using the explicit finite element
code LS-DYNA3D. Figures 5 and 6 show a comparison between the
analytical and numerical predictions of the contact force and lower
surface fiber strain histories for two distinctly different impact condi-
tions. Both impact problems considered the target laminate defined
in Table 1 and a spherical impactor of diam 12.7 mm. The finite
element simulations were carried out using Mindlin type shell ele-
ments available in LS-DYNA3D coupled with an orthotropic elastic

300 - S Sun and Chen: FEM
#~\ . ----Qian and Swanson: analytical
J )
- i . ——Qian and Swanson: Rayleigh-Ritz
=2 i1 \ | ——Present model
g 200 b [l |
<3 o \\
w \
ksl 4
U y
g 100}
N
‘\
N
N . =~
0 A A
0.0 0.1 0.2 0.3

Time (ms)

Fig.3 Contact force history for 8.5-g, 3.0-m/s impact on the laminate
defined in Table 1; present model compared with published theoretical
results.512

0.5
»»»»»» Qian and Swanson: Rayleigh-Ritz
04 ——Sun and Chen: FEM
g " | ——Present model
§ 03t
ks
Y
®
0 02}
[
€
[
© 01}t
0 1 1
0.0 0.5 1.0 1.5

Time (ms)

Fig. 4 Target deflection history for 8.5-g, 3.0-m/s impact on the lami-
nate defined in Table 1; present model compared with published theo-
retical results.>:12
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300
- \\
N N LS-DYNASD |
L/ —— Present solution s
200 b fE O\ 1010 ¢
z L/ AR ‘®
(o] N 1 a
. / :
w Pl - N &
100 |[if 1005 g
A 3
I €
p §
N R €N
/ N ®
o e e (000 3
|

0.00 0.05 0.10 0.15 0.20 0.25
Time (ms)

Fig. 5 Time histories of the contact force and the lower surface fiber
strain at the center for 8.5-g, 3.0-m/s impact on the laminate defined in
Table 1; present meodel compared with LS-DYNA3D results.

8000

------ LS-DYNA3D 1
I ; Present Solution 1 2.0 2
6000 | = : e
z g 115 %
8 4000 | ’ 2
s {10 &
[0
4 Q
F £
2000 :: - los (?,
___________ o
0 e e e 00 3

0.00 0.01 0.02 0.03 0.04

Time (ms)

Fig. 6 Time histories of the contact force and the lower surface fiber
strain at the center for 1-g, 100.0-m/s impact on the laminate defined in
Table 1; present model compared with LS-DYNA3D results.!

representation of the laminated target. The impactor was modeled
as a rigid body with its density adjusted to match the impactor mass
exactly. Details of these simulations can be found in Ref. 16.

The impact event considered in Fig. 5 is identical to the bench-
mark problem studied before. The good agreement between the
contact force histories serves as a validation of the numerical sim-
ulations. The lower surface strain histories calculated at the center
of the laminate and along the fiber direction are also in good agree-
ment. If fiber breakage at the lower surface is an indication of the
onset of significant damage, as is the case for most low-velocity im-
pact loading of thin laminates, then it can be seen that the predicted
peak strains are far less than the fracture strain for carbon fibers
(~1.6%). This supports our assumption of linear elastic behavior
for the laminate.

To investigate the robustness and efficiency of the analytical
model in handling higher velocity impact events, we considered
a hypothetical impact condition involving an impactor of mass | g
and velocity 100 m/s. Figure 6 shows a comparison between the
numerical and analytical predictions for this problem. Results for
the present model were obtained using a time step of 0.2 us and
200 modes (x = 200). The close correlation between the results
is encouraging considering the fact that LS-DYNA3D is a sophis-
ticated code that is designed to handle the complexities of high-
velocity impact events. Needless to say, for the same level of ac-
curacy, the present analytical model is considerably more efficient
and easier to use than the finite element analysis. It is worth point-
ing out that the problem is merely used to check the versatility of
the analytical model, and the simulations may not represent the real
behavior. At such high impact velocities, the projectile is likely to
penetrate the target or cause local damage on the impact face.

Table 4 Properties of the laminate used in static
indentation and impact tests

System T800H/3900-2 CFRP plate, simply-supported

Size 127.0 x 76.2 x 4.65 mm

Layup [45/90/—45/0]3,

Enl 129 GPa Gz 3.5GPa

Ey 7.5 GPa Gi3 3.5 GPa

V2 0.33 G 2.6 GPa

h 4.65 mm P 1540 kg/m?

20000
Static indentation experiment 9‘9'}’

15000 | \ o
Z o
= 2
8 : o
£ 10000 [ e
-2 2
8 Fitted curve o
§ F=kea3/2\ o7

5000 | e \

58 Hertzian prediction
e F=kya™?
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Fig.7 Static indentation test results for the laminate defined in Table 4
compared with Hertz indentation law and with best fit curve.
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Fig.8 Contact force history for 6150-g, 1.76-m/s impact on the lami-
nate defined in Table 4; present model compared with drop-weight test
results'®; no target damage.

To further validate the predictive capability of the model, contact
force histories collected from instrumented impact tests (see Ref.
17 for a detailed description) were used here for comparison with
present results. Each impact event involved a 25.4-mm-diam hemi-
spherically shaped projectile, and a laminated CFRP target with
properties defined in Table 4. The impact tests were carried out us-
ing instrumented impactors in a drop-weight setup (corresponding
to a large mass, low-velocity impact event), and a gas-gun setup
(corresponding to a small mass, high-velocity impact event).'® To
establish a suitable contact law for the projectile/target system, static
indentation tests were carried out. The measured force-indentation
profile is shown in Fig. 7. Superposed on this curve is the response
predicted by Eq. (21) with kg = 1.21 x 10° N/m?? (calculated us-
ing the formula developed by Willis'*), and the fitted curve obtained
using k, = 0.60 x 10° N/m*/?, The latter contact stiffness is used
in the following impact simulations.

Figures 8-11 show the comparison between the predicted and
measured contact force histories for various impact events. Note
that the theoretical model, which in principle applies to specially or-
thotropic laminates, has been used here to analyze a quasi-isotropic
laminate. However, this is not a severe restriction of the model as
in this case and, indeed, in many practical cases the laminates have
sufficient number of plies to render the coupling terms D and Dy
vanishingly small.
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15000 Table 5 Calculated natural frequencies for the
laminate defined in Table 4
Measured Mode no., Wmns Ty,
Z 10000 | X rad’s and
P Predicted
8 1 18,122 346.71
° 5 504,501 12.45
*g 10 1,115,277 5.63
< 20 2,314,650 271
g 5000 ¢ 40 4,701,106 134
80 9,467,846 0.66
160 18,998,271 0.33
0 ; * - * * . .
0 i 2 3 4 5 in most aspects of the contact force history. The rate of loading and

Time (ms)

Fig. 9 Contact force history for 6150-g, 2.68-m/s impact on the lami-
nate defined in Table 4; present model compared with drop-weight test

results’8; target damaged.
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Fig.10 Contactforce history for 314-g,7.70-m/s impact on the laminate
defined in Table 4; present model compared with gas-gun test results'8;
no target damage.
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Fig. 11 Contact force history for 314-g, 11.85-m/s impact on the lam-
inate defined in Table 4; present model compared with gas-gun test
results'®; target damaged.

For each simulation in Figs. 811 a suitable time step was chosen
to provide sufficient detail in the resulting contact force history. In
each case at least 200 points were generated by the model, with
the low mass impact events requiring slightly more points to model
the sharp peaks. The number of modes used to calculate target de-
flection was determined according to Table 5, ensuring that the last
significant natural period is not greater than the time step. Note that
for this laminate T = 2.07 us.

Figure 8 compares the results for a 1.76-m/s, 6.14-kg impact event
(impact energy of ~9 J). The simulation used a time step of 20 us
and a five-mode solution (x = 5, and T, = 12.45 us) for the target
deflection. The analysis agrees closely with the experimental results

unloading, as well as the peak force, are accurately predicted. The
analysis captures the multiple small oscillations superimposed on
the measured force-time curve. These oscillations, which represent
the plate vibrations, are characteristic of large-mass, low-velocity
impact events where the contact duration is sufficiently long for
flexural waves to reach the plate boundaries and reflect back several
times. Postimpact examination of the target indicated that the target
incurred no permanent damage, thus supporting the applicability
of the present linear elastic analysis. Note that in the actual impact
tests a portion of the incident energy (~1 J) is always dissipated
and, therefore, a truly elastic response cannot be realized.

Figure 9 compares the results for a 2.68-m/s, 6.14-kg impact
event (impact energy of ~22 J). Again, the simulation used a time
step of 20 us and a five-mode solution, for the target deflection.
The analysis agrees closely with the experimental result in the early
stages of impact. At a contact force of 8500 N the predicted response
is much stiffer than that measured by the instrumented projectile.
Subsequent examination of the target indicated that some damage, in
the form of delaminations, had occurred during impact. The present
impact model assumes a perfectly undamaged target, and thus will
overestimate the stiffness if softening of the target material occurs
because of damage.

Figure 10 compares the results for a 7.70-m/s, 0.314-kg im-
pact event (impact energy of ~9 J). The simulation was performed
with a time step of 5 ps and a 20-mode solution (¥ = 20, and
T, = 2.71 us) for the target deflection. This impact event generated
a contact force history characterized by a few large-amplitude os-
cillations. These oscillations are the result of limited flexural wave
reflections during the relatively short impact duration. Again, the
analysis was capable of capturing the essence of the response quite
accurately. The target did not incur permanent damage because of
the impact.

Figure 11 compares the results for a 11.85-m/s, 0.314-kg impact
event (impact energy of ~22 J). The simulation used a time step of
5 ps and a 20-mode solution for the target deflection. As in Fig. 9,
the analysis agrees closely with the experimental results early in the
impact event. At times greater than 0.4 ms, the predicted response
does not agree with the experiment. This target experienced damage
during impact and thus the lack of correlation is not surprising.

Based on the results described, the model is not able to predict
the dynamic local response of the target in the early stages of the
low-mass impact events. The measured responses shown in Figs.
10 and 11 show a peak in the contact force at a time less than 0.1
ms that is not reflected in the model predictions. Early in the impact
event, the response is dominated by local indentation, as the target
has not had sufficient time to deflect. The amount of indentation

“increases rapidly in this phase, likely giving rise to large inertial

forces. However, the Hertzian relation used in the model to describe
local indentation does not include any dynamic effects.

It appears that damage initiates when the contact force exceeds
a critical value. For impact events where damage has occurred, the
measured results deviate noticeably from the model predictions after
the contact force exceeds 10,000 N (see Figs. 9 and 11). Note that
for impact events not leading to damage (Figs. 8 and 10), the contact
force is always less than 10,000 N.

Conclusions

An efficient analytical model for predicting the low-velocity im-
pact response of simply supported laminated composite plates is
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presented. The analysis, based on a modal solution technique, ac-
counts for the combined effects of shear deformation, rotary inertia,
and the nonlinear Hertzian contact law. All frequency components,
including those associated with the rotary inertia effects, are retained
throughout the solution process.

In solving the incremental equations of motion, the impact force
is obtained explicitly from solution of a cubic equation, and its
magnitude is assumed to remain constant during a given time step.
Errors incurred in the solution, because of the coupling between
the impact force and the plate displacement, have been investigated,
and guidelines to achieve converged solutions are presented. It has
been shown that for optimum convergence, the impact has to be
modeled as a patch load and that the time step, required for the
time integration of the equations, has to be greater than the last
significant natural period of the plate. The model uses an appropri-
ate number of modes for a given time step. The effectiveness and
rapid convergence of the present model has been demonstrated by
the successful comparison of the results with previously published
analytical and numerical results for a commonly studied impact
problem.

For low- and even high-velocity impact events, the present model
produces results that are as accurate as, yet more efficient than,
those generated using sophisticated finite element codes such as LS-
DYNAZ3D. These results consisted of contact force-time histories as
well as time histories of axial strain on the distal surface of the
laminate in the fiber direction.

The predictive capability of the model has been demonstrated
by comparison of the results with measured force-time curves for
laminated CFRP plates subjected to drop-weight and gas-gun impact
events. Results suggest that the model is able to predict the essential
features of the contact force history in both these cases up until the
onset of damage in the laminate. Beyond this point, the linear elastic
assumption of the model is no longer valid and the contact force is
overpredicted.

The analytical model presented here is useful for design purposes
where efficient analysis tools are required for systematic paramet-
ric studies. Furthermore, the robustness of the model in handling
the transient structural response of composite plates provides a re-
liable foundation for predictions of impact damage and response to
penetrating impact events.
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